DISCONTINUITY OF THE LYAPUNOV EXPONENT 



ZHENG GAN AND HELGE KRUGER 

^ ^ ■ Abstract. We study discontinuity of the Lyapunov exponent. We construct 

Cn ' a limit-periodic Schrodinger operator, of which the Lyapunov exponent has a 

positive measure set of discontinuities. We also show that the limit-periodic 
Z-t ', potentials, whose Lyapunov exponent is discontinuous, arc dense in the space 

of limit-periodic potentials. 
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1. Introduction 



^0 ' In this paper, we construct examples of ergodic Schrodinger operators H^, whose 

ci , Lyapunov exponent L(E) is discontinuous. In addition to being a resuh of interest 

of its own, we were motivated by the foUowing observation. Denote by 



(1.1) Z^{E: L{E)^0} 

the set where the Lyapunov exponent vanishes. It was shown by Deift and Simon 
in [5] that the measure of this set satisfies 



(1.2) |Z|<4. 
OC ' Introduce the essential closure of Z by 

(1.3) Z''' = {£;: ye>0: \Zn{E-e,E + e)\>0}. 

|0 I Denote by a^c {H^^ ) the absolutely continuous spectrum of H^ : P (Z) — > P (Z) . By 

Kotani theory, we have that for almost every ui 

(1.4) aac(i/c.)=2'". 

This result can for example be found in [5], [TU], or Theorem 5.17 in [TT]. Being 
k> , naive, one might assume that from these two statements that 

(1.5) |fTac(i^c.)|<4 

holds for almost every lo. However, we do not know if this is true and trying to 
show this was a big motivation to write this paper. To see that (|1.5|) cannot be a 
simple consequence of (|1.2|) and (|1.4|) let Z be the complement of a Cantor set of 
measure > 4 in [—4,4]. Then (jl.2p holds, but Z — [—4,4] is a set of measure 8. 
Let us now discuss our main result and its relevance to this conjecture. We begin 
by introducing some notation. Let (ri,/^) be a probability space, T : fi — >■ 51 an 
invertible ergodic transformation, and / : O — > M a bounded measurable function. 
For oj g fl we introduce the potentials Vi^{n) = f{T'^uj). H^ = A + Kj denotes the 
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Schrodinger operator with potential Kj. Here Au{n) = u{n + 1) + u(n — 1) denotes 
the discrete Laplacian. We introduce the transfer matrices 

N 

(1.6) ^„(E,F„)=nP"T""* "o' 



The Lyapunov exponent is then defined by 

(1.7) HE) = hm 1 / log\\AN{E,V^)\\d^liio). 

Our main result is 

Theorem 1.1. There exists (fl,T,f) such that L{E) vanishes for generic E G 
[—4,4]. Furthermore for every uj ^ CI, we have that [—4,4] C a{H^). 

Our proof does not give any control on the measure of the set Z, where the 
Lyapunov exponent vanishes. However, it is sufficient to show that 

Corollary 1.2. We have that L{E) is discontinuous on a set of E of positive 
Lebesgue measure. 

Proof. Denote by A the set of Eq e [—4,4] such that L{E) is continuous at Eq. 
By Theorem [TTl we have that A<Z Z. Hence by ([L^ . we have that \A\ < 4. In 
particular, the Lyapunov exponent is discontinuous oti B = [—4, 4]\ A with measure 
\B\ > 4. D 

Our proof of Theorem 11.11 is done by constructing a limit-periodic potential 
explicitly with these properties. We will discuss the details in the next section, 
where we also show that for a dense set of limit-periodic potentials the Lyapunov 
exponent has at least one discontinuity. This is achieved by adapting the argument 
of Johnson [7] to the discrete setting. 

We furthermore wish to point out that Thouvenot has constructed in [H] dis- 
continuity points of the Lyapunov exponent for matrix- valued cocycles. 

Let us now discuss the relevance to whether (|1.5p holds. One can show that if A 
is a closed set, then \A \ ~\A\. Now, the existence of large sets of discontinuity of 
the Lyapunov exponent stops us from concluding that Z is closed and thus (|1.5|) . 



Artur Avila has informed us of an alternative proof of Theorem 11.11 which is 
based on the work of Bochi and Viana [2] . The main idea is that if T has plenty of 
periodic points, then one can ensure that |fT(A -I- /(T"a;))| > 4 for almost every oj. 
Then one uses to show the results of [2] to conclude that by perturbing / slightly 
the Lyapunov exponent L{E) vanishes on a dense set in cr(A + f{T^ijj)), and still 
|cr(A -(- /(T"a;))| > 4. Then discontinuity of the Lyapunov exponent follows as in 
the proof of Corollarv ll.2l 

2. Limit-periodic potential and further results 

We will begin this section by discussing some basics about limit-periodic poten- 
tials. For further informations, we refer to the appendix of the paper [1] of Avron 
and Simon, and to the survey by Can [6]. 
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Given a bounded sequence T^ : Z — ?► E, we denote by ^v the hull of its translates. 
That is 

(2.1) nv = {V,n, meZ} ' ', 

where Vm{n) ~ ¥{71 — 171). If fly is compact in the £°°{Z) topology, then V is called 
almost-periodic. The shift map on £°°(Z) becomes a translation on the group Jly 
and it is uniquely crgodic with respect to the Haar measure of VLy ■ 

V is called limit-periodic, if there exists a sequence of periodic potentials V''' such 
that 

(2.2) V = lim V'' 

in the i°°{'E) topology. It should be remarked that limit-periodic V are almost- 
periodic. In fact, then fiy has the extra structure of being a Cantor group, see [6] 
for details. 

The proof of Theorem II . 1 1 will proceed by explicitly constructing such sequences 
of V''. Wc will furthermore denote by L{E, V'^) the Lyapunov exponent of such a 
sequence of periodic potentials. 

Let us recall some properties of a pk periodic potentials V'' . 

(i) The spectrum a{A -\- V'^) is a finite union of intervals. That is 

a 

(2.3) a{A + V'^)=[j[a,,P,], 

where g >2 and aj < j3j. 
(ii) The Lyapunov exponent L{E, V^) is continuous and vanishes on L{E, V''). 
It should furthermore be pointed out that, one always has |cr(A -\- V^)\ < 4. 
Let us now comment further on Thcorcmll.il 



Remark 2.1. The potcTitial constructed in Theorem \l.l\ is limit-periodic. In par- 
ticular, we provide an example of a limit-periodic potential whose spectrum contains 
an interval. 

This is not the first known example with this property, since Poschel provided 
some in [9]. However, our construction has the advantage of being relatively ele- 
mentary in comparison to Poschcl's KAM-type proof. 

In order to state our other result, wc denote by C the space of all limit-periodic 
potentials. We have 

Theorem 2.2. There is a dense set of V in ^ for which the Lyapunov exponent 
L{E) is discontinuous. 

Here the dense set cannot be improved to a generic set, since Damanik and Gan 
in [4] show that there is a generic set of V in ^ such that the Lyapunov exponent 
is continuous. 

Furthermore, we should point out that the proof of the previous theorem largly 
parallels the construction of Johnson in [7] of similar examples in the continuum 
setting. However, the observation of densencss is new. 

Define the individual Lyapunov exponent by 

(2.4) L{E,Lu) =\imsnp^\og\\ANiE,V^)\\. 
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An important aspect of our construction will be to replace the Lyapunov exponent 
L{E) defined in (|1.7|) by L{E,uj). This is possible by the following result. 

Proposition 2.3. Assume that T : Q ^ fl is uniquely ergodic. For each w G fJ, 
there exists a set £^ of zero Lebesgue measure such that for E ^M.\£i^ 

(2.5) L{E)^L{E,u). 

Proof. This is a consequence of Theorem 2.1. in [5]. D 

Thus, we obtain that for fixed uj 

(2.6) L{E)= \un l-log\\AN{E,V^)\\ 

TV— )-oo I\ 

for almost every E. We will furthermore need Thouless' formula 

(2.7) L{E)= j\og\t-E\dN{t), 

where N{t) is the integrated density of states. See for example Theorem 5.15 in 
Teschl's book [TT]. 

3. Proof of Theorem 11.11 
In order to simplify the notation, we introduce 

Definition 3.1. A collection of open intervals E is called e-dense in [—4,4] if for 
E e [-4, 4], there exists / e S such that / C [E - £,E + e\. 

We will construct a sequence of periodic potentials V^ with the following prop- 
erties: 

(i) V^ is pk periodic and \\V^ — F''"~-^||oo < 2^- 
(ii) V''{n) = V^-^{n) for < n < pfe_i. 
(iii) For 1 < Z < fc and S e cr(A + V^) 

(3.1) -\og\\A,,{E,V^)\\< J2 4- 

(iv) There is a set E^, consisting of open intervals / C (t(A + T^*^) which is 

2"''-dense in [-4,4]. 
(v) For each /j._i S E^-i there exists 7^ G E^ such that /j, C /fc_i. 

We begin by showing that the existence of such V^ implies Theorem 11.11 From 
(i), one obtains that the limit 

(3.2) Y{n) = lim Y^{n) 

fc— J-oo 

exists uniformly and is bounded. 

Lemma 3.2. Let I > 1, then for E G cr(A + y') 

(3.3) limmi^\og\\AN{E,V)\\<^. 

AT— >oo iV Z 
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Proof. By (ii), we have j^log\\Ap^iE,V)\\ = j^log\\Ap^iE,V'^)\\. By (iii), we 
obtain that ioi E e a{A + V'-) and k > I 

^log\\A,^iE,V)\\< E ^<^, 

P'' s=l+l ^ ^ 

which inipUcs the claim. D 

Combining this lemma with (|2.6p . we obtain that for almost every E e cr(A + y') 

(3.4) L{E) < 1 
We also have 

Proposition 3.3. For Eq E [—4,4] we have 

(3.5) liminfL(£;) = 0. 

E—^Eq 

Proof. Pick any Eq E [—4,4] and fc > 1. By (iv), we can choose Ik E S^ such that 
Ik ^ [Eq — :jiT, Eq + i]. By (v), wc Can choose a sequence of intervals 

h 3 /fe+i 3 . . . 
Let E e r\i>k ^i- Since E e 7^-, we have \Eq — E\ < i^. By (13. 4p . we can choose 
El e h with \Ei ~ E\<^ and L{Ei) < ^. Hence 

< liminf i(£;) < lim L{Ei) = 0, 

E^E l^co 

showing ()3.5p . Since fc > 1 was arbitary, the claim follows. D 

We now come to 
Proof of Theorem \1.1\ Let 

Ln{E) - ^ / \og\\A^.{E, V^)W{u). 

Ln{E) is continuous in E and decreasing in N. In particular, this implies 

L(E) = inf Ln(E). 

N>1 

Introduce 

Ui^ \J (e: Ln{E) < i 

Af>l *- 

Since L]y{E) is continuous, Ui is open. Let us now show that Ui is also dense. 
Let Eq £ [—4, 4] and £ > 0. By the previous proposition, there exists E G [Eq — 
s,Eo + e] such that L{E) < ^. Furthermore, there must be an TVq > 1 such that 
[L{E) - Ln^{E)[ < Yi and thus that L{E) < j. This implies E e Ui and thus that 
Ui is dense. 
Introduce 

U^f]U, 
i>i 
Since each of the Ui is open and dense, we have by the Baire category theorem that 
also U is dense. The claim follows. D 
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In the following subsections, we will explain how to construct V'' given V^~^ . 
In the next subsection, we will construct a sequence of potentials Vm such that 
properties (i), (ii), (iv), and (v) hold. Then, we will show in Subsection 13.21 that 
(iii) holds if m is chosen large enough. 

3.1. A sequence of potentials such that (i), (ii), (iv) and (v) hold. We will 
need the following lemma, describing the generalized eigenfunctions of a periodic 
operator. A proof can be given using that Ap(E, V) has an eigenvalue of modulus 
1 for E E (j{A + V) and we omit it for brevity. 

Lemma 3.4. Let V be a p periodic potential and E d (7{A + V). There is a bounded 
solution tjj o/ (A + V)tJj ~ Etjj such that for every m £ Z 



(3.6) ^|V'(m + fc)| = 



fc=i 

Let /^, . . . , /-^ be an enumeration of the intervals in Sfc-i. For each /', we choose 
a subinterval /' of length < j^n"- Denote by Sfc_i the collection of intervals P. 
Introduce 6 by 

(3.7) <5 = min|/|. 

/es 

Clearly, <5 < ^. 

Choose 777.0 so large that Sy/mo > 4 and let pk-i = rnopk-i- We will treat V'^^^ 
as a pk-i periodic potential. Write 

(3.8) Aj,™ = [mpk-i + {j + A)pk-i,mpk-i + {j + 5)pk-i - 1]. 
Introduce the potentials Vm by 

.„ „. ,y ( . fV'-Hn), < 77 < mpk-i ~ 1; 

^^^ ™^ ^~V'=-H-) + 5^, -eA,,„ -4<j<3. 

Note that Vm will be pm = rnpk-i + 8pk-i periodic. We will later let V'^ = Vn for 
some large 777. 

We see that the claimed properties (i) and (ii) are straightforward. It remains 
to prove (iv) and (v). 

Lemma 3.5. For each I G Sfc_i and —4 < j < 3, there exists an open interval J 
such that 

(3.10) J C / + -^ and J Ca{A + Vm). 

Proof. Let / = (E^, E^) and E ~ ~^ + . By Lemma [3.41 there exists a function 
■0 such that 

{A^V^~^)i) = E^, and ^ |V'(n)|^ = 1. 
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Let if be the restriction of -0 to Kj^m- A computation shows ||(/5|| = ^toq and 

tp{mpk-i + {j + 4)pfc_i), n = mpfc_i + (j + 4)pfc_i - 1; 

~ip{mpk-i + {j + 4)pfc-i - 1), n = mpk-i + (j + ■i)pk-i; 

--tjj{mpk-i + {j + 5)pk-i), n = mpk-i + {j + 5)pk-i - 1; 

ip{mpk^i + {j + 5)pk-i - 1), n = mpk-i + {j + 5)pfc_i; 

0, otherwise. 



{A+V„-.-E-^Mn) =. <j 



m + Vrr, 



So we have 

(3.11) 

The above inequahty imphcs that 



E- 



3 ' 



m\ 



2 5 

< —^= < 77- 



dist(^+^,a(A + KO)<^. 

Hence, we see that ^(A + Vm) H (/ + ^S+t) is non empty since |/ + ^S+r \ > S. Since 
(t(A + Vm) consists of bands, we may choose an open interval J such that (|3.10p 
holds. D 

We denote by E^^ the collection of open intervals J obtained from the previous 
lemma for all possible choices of / and j. It is clear that property (v) holds. 

Proof of Property (iv). Given any E e [—4, 4], we may find an / G Sfe_i such that 



I Q[E- 



2fc-i' 



E 



9fc-l J 



Let / = {E_,E+) and E = ^-+^+ . Since E e I and 



[E- 



,E- 



1 



2'=-!' 2^-1 

we can find —4 < j < 3 such that 



u 

i=-4 



E 






2fe+i 



E€ 



E 



9fc+l 



,£;- 



2fe+i 



By the construction of Sfe in Lemma lS.Sl there exists J G S^ such that J C /+ „/^i . 
By |/| < 2*^^-- we obtain 



J CI 



3 



2k+i 

which finishes the proof. 
3.2. Ensuring (iii). 



C 



'e + '^,E'' + ' 



2fc+i 



2fc+i 



C 



E j-,E + -r 

2fe' ' 2^ 



D 



Lemma 3.6. Let V be a p periodic potential. For any fj. > 0, there exists M > 1 
such that for E € a{A + V) and N > M , we have 



(3.12) 



^\og\\AN{E,V)\\<^i. 
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Proof. Introduce the continuous functions 

ME) = ^log\\A^.{E,V)\\. 

One can easily check that fi+i{E) < fi{E) and that for E € (7(A + V), we have 
hni,;_j.oo /i(£') = L{E,V) = 0. Hence, we obtain by Dini's therorem that there 
exists Ml > 1 such that for i > Mi and E ea{A + V) 

l.log\\A,,iE,V)\\<l^. 

Let N = 52*^1 + r, where q>l and < r < 2^^i - 1. For E G cr(A + \^), we get 

l^log\\AN{E,V)\\ < ^^J^^{log\\A^,.:,{E,V)\\ +\og\\Ar{E,V)\\) 

^11 , log II A,(£;, 1^)11 



2 92^^i + r ■ 

Choose M2 > 1 so large that for E e cr(A + y) and < r < 2^^^ - 1 

log||A.(£;,F)|| ^M 
Af22^^i + r - 2 ■ 

The claim follows by taking q > M2 or equivalently TV > M = M2 • 2^^ . D 

By this lemma, we can ensure (iii) for I = k as long as m large enough. Let 
1 < I < k — I. By assumption, 

k 



^log\\A,,_^iE,V''-')\\< J2 ^ 
k-i ^-^ ' 

By submultiplicativity, we get 






S — / + 1 

We recall that Vm is a prii = (?ti + S)pk-i periodic potential, such that Vm{n) = 
V''~^{n) for < mpk-i — 1. Thus, we have 

(3.13) Ap^ {E, KO = iAp,_, {E, V''-')r ■ i, 

where A is some fixed matrix, whose norm is independent of m. Hence, we obtain 

^log||A^,„(ii;,KOII< E :^ + ^log||i||. 

S — £ + 1 

The claim now follows by choosing m large enough. 

3.3. Construction of the initial potential. Last, we construct an initial poten- 
tial V'^. Define for L > 1, the potential Vl by 

(3.14) y.H = ^ o^-^^-i; 

^ ' ^ ^ I -2, L<n<2L-l 



DISCONTINUITY OF THE LYAPUNOV EXPONENT 9 

and continue it to be 2L periodic. For k E [0,tt] the function (p{n) = e**^" solves 
Aip = 2cos{k)(f. Set E = 2cos(fc) and 

(3.15) ^W = ^^")' 0<n<X-l; 

I 0, otherwise. 

Clearly, |J7/!|| — vT, and 

||(A + y°-£;-2)V'|| <2. 
This implies that dist(£' + 2, cr(A + V°)) < -^. When L > 4, we have 

dist(£; + 2,CT(A + y°)) < 1. 

So for any E^ E [0,4] we can find an interval / C cr(A + V'^) such that / C 
[^0-1,-Bo + l]. 

Similarly, we conclude that for any Eq E [—4, 0] there is an interval / C (t{A+V'^) 
such that / C [£^0 — 1, i?o + !]• Thus, for V'^ we can find a collection So of intervals 
/ C cr(A + y°) which is 1-dense in [-4,4]. (iv) follows. 

By Lemma 13.61 (iii) follows since we can treat Vq as a po periodic where pq ^ 
2Lm, and m G Z+ is large. There is nothing to check for (i), (ii), and (v). 



4. Proof of Theorem 



The first step in the proof of Theorem 12.21 is to prove the following proposition, 
which we postpone to a later subsection. 

Proposition 4.1. Let Vq be a Pq periodic potential such that 

(4.1) Eo = inf (o-(A + K))) > 0. 

Introduce 7 = 2^('^' V^)- There exists a limit-periodic potential V such that \\V — 
Vbll < 5Ea, inf(fT(A + V)) = 0, and 

(4.2) limsupL(£;) > 7 > liminf L(£;) = 0. 

In particular, the Lyapunov exponent L(E,V) is discontinuous at 0. 
We are now ready for 

Proof of Theorem \2.2[ First note that the periodic potentials are dense in the space 
^ of all limit periodic potentials. 

Let Vq be any periodic potential and £ > 0. Introduce the potential 

Vo^Vo-miiA + Vo) + ^. 

One can check that Vq satisfies the assumptions of the previous proposition, and we 
thus obtain a potential V such that the Lyapunov exponent of V is discontinuous 
and 11^0-1^11 <£• 

Wc now sec that V = V + inf (A + Vq) — | satisfies that its Lyapunov exponent is 
discontinuous and || V^— Vo|| < e. Hence, the potentials with discontinuous Lyapunov 
exponent are dense. D 
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4.1. Proof of Proposition [47ll In the following subsection, we will construct a 
sequence of potentials V'' with the following properties. 

(i) V'^ is pk periodic and satisfies 

(4.3) ||T^'=-V'''^"'||<^^fe-i, 

5 



and Vin) = V^^^in) for < n < pk- 



1- 



2" ' ^' 

s=l 



fc+l 



(ii) The bottom of the spectrum Ek = inf (7(A + V ) satisfies 

(4.4) Q") Eo < Ek < (^) Eo. 
(iii) The Lyapunov exponent at energy satisfies 

(4.5) L{0,V'^)>(2-J2^ 
(iv) For 1 < Z < fc and every E e a{A + V'^) 

(4.6) ^\og\\A,,{E,V'')\\ < J2 V' 

Pk I I 1 

s—l+1 

From properties (i) and (ii), we see that 

(4.7) \\V''-V''-'\\< (^) Eo. 

Hence the limit 

(4.8) V= lim y^ 

A;— )-oo 

exists in £°°(Z) and \\V - V"\\ < 5Eo. 
Lemma 4.2. We have that 

(4.9) i(0) > 7. 

Proof. By (ii), we have that inf ((t(A + V'')) > 0. Hence by Thouless' formula (^77)) 

LiE,V'')^ J\og\t-E\dN''{t), 

we have that E 1— >■ L{E, V'') is decreasing in _E < 0. 

This and property (iii) imply for £' < and fc > 1 that 

LiE,V'')>j. 

Since N'^ — >■ N weakly and log |i — i^j is a bounded and continuous function for 
E <0, we also obtain 

L{E) > 7 

for E < 0. Thouless formula even implies that 

L(0) = \imL(E). 

E-\0 

This implies the claim. D 
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Similarly as for p.4p in the previous section, we have that properties (i) and (iv) 
imply that 

(4.10) L{E) < 1 

for almost every E S (t(A + V''). Hence, we have that 

(4.11) limsupL(£:) > \im ini L{E) = 0. 



B-i-O 



_E^0 



This finishes the proof of Proposition 14.1 



4.2. Construction of the sequence of potentials. In order to construct the 
sequence of potentials V'^, we will prove the following lemmas. These imply the 
existence of V'' given V'^^^ by applying them to T^ = V^~^ . 

Lemma 4.3. Let V be a p periodic potential and Eq = inf ^(A + V). Let p = iriQp 
for sufficiently large tuq . Define for I < I < h the intervals Ii by 

(4.12) // = [mp+ (? - l)p, mp + /p- 1]. 

Define the p = {m + h)p periodic potential Vm.h by 



(4.13) Vmhin) ~ ^ 

\V{n)-^ neLi, l<l<h. 



V{n) [0,mp-l]; 

Vm,h\l'-) ~ \ 

Then we have 

(4.14) !|l<inf.(A + V,)<f^. 

Proof. As in the proof of Lemma 13.51 let E^ = Eq and S = ^. Pick E in the first 
band of (t(A + V) such that E ~ Eq < Eq/10. Also, mo will be picked sufficiently 
large so that Sy/rno > 4. Then, we will get 

(4.15) dist(^ - T^' ^(^ + ^'"^'^)) - ^ ^ ^- 

The lemma follows. D 

We can view the jj period of Vm_h as a concatenation of two parts: 

• m pieces of the p period of V . 

• h pieces of the p period of V, where V ^ V — ^^. 

Denote A = Ap{E, V), then we have 

(4.16) Ap{E, V^j,) - {Af ■ {Ap{E, F))'". 

Let E ^ inf (ct(A + V)). Then we can chose two normalized vectors v,u G C^, such 
that 

(4.17) ApiE, V)v = cP^(^'^)i), ApiE, V)u = c-p^^^'^^u. 
Denote by v^ ^ av + bu a vector orthonormal to v. We will first show 
Lemma 4.4. There exists h £ {1,2} such that 

(4.18) {v,A''v)+a{v^,A''v) :^0. 



12 



Z. GAN AND H. KRUGER 



Proof. From the Cayley-Hamilton theorem, we have that A^ — tr(^)^ + / = 
Taking {v, .v) and (w^, .v), we obtain 

{v, A^v) - tr(i) {v,Av) + 1 = 0, 
{v^,A^v)-tY{A){v^,Av) =0. 
Muhiplying the second equation by a and adding the two together, we obtain 

({v^A^v) +a{v-^,A'^v)'\ -tT{A)({v,Av) + a{v^ , Av)'' 
Hence, the claim follows. 



D 



We now come to 

Lemma 4.5. Let E ^ (7(A + V). Then there exists h e {1, 2} such that 

(4.19) LiE,Vm,h) ^ LiE,V) 

as m —^ oo. 

Proof. Let h be as in the previous lemma. The lower bound can be obtained by a 
similar argument as in Subsection 13.21 

By (7.10) in |11| and a computation, we have 



P 



> - log 
P 



ti{Ap{E,V^j,)) 



\ 



tTiAp{E,V„,,h)) 



tT{A\Ap{E,V)y 



log(2) 



Let us now evaluate tT{A''{Ap{E, 1/))™). We have 

tr(i"(Ap(£;,F))™) = {v,A^{Ap{E,V)rv) + {v^,A^{Ap{E,V)rv^) 
= e"P^(^'^' {v, A^^v) + ac'"P^(^'^) {v^ , i'^w) 

= e"P^(^'^' ({v, A^^v) + a{v^,A''v)] + o(l). 
Combining this with the previous formula, we obtain that 

L{E,VmM)>L{E,V)+o{l). 
Hence, we see that the claim holds, if we choose m large enough. 

In order to show the existence of V'' such that (i) to (iv) hold. Use Lemma l4!3l 
to find a sequence of potentials Vm,h such that properties (i) and (ii) hold. The 
previous lemma implies the existence oih G {1,2} such that property (iii) for m > 1 
large enough. Finally, by arguments similar to the ones in Subsection 13.21 we can 
show that property (iv) holds for m > 1 large enough. This finishes the proof of 
the existence of the sequence V'^ and so also of Proposition 14.11 
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